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Long periodic waves on an even beach

A. Shermenev and M. Shermeneva
General Physics Institute, Russian Academy of Science, Moscow 117942, Russia
(Received 27 August 1999

High-order Boussinesg-type equations for long waves over an even slope are derived and investigated.
Potential and surface elevation for periodic wave motion are expanded in Fourier series up to the third
harmonic inclusively. Coefficients of this series are expressed as polynomials of Bessel functions.

PACS numbds): 47.15.Hg

[. INTRODUCTION where the prime denotes physical variables afdl; , and
hg denote characteristic wave amplitude, depth, and wave-
A special feature of Boussinesg-type equations is a possjength, respectively. The scaled governing equation and
bility to reduce the dimension of a problem by expanding theboundary conditions for the irrotational wave problem read
velocity potential as a power series in the vertical coordinate.

This expansion had been used by Lagraidedeveloped by proxt ©2,=0, —h(x)<z<en(x,t), 2
Boussinesd2], and received its modern form in the paper of
Friedrichs| 3] mte@an—u 20, =0, z=sq(xt), (A), ()

In 1966, Mei and Mbaute[4] extended these equations to
an uneven bottom in one dimension using the bottom poten-
tial as a basic variable. Later, similar equations based on the , + 58(‘P>2<+'“72‘P§)+ 7=0, z=en(x,t), (B),
depth-averaged velocity and on the velocity at the still water

level were derivedsee survey in the paper of Madsen and 4
Schdfer [5]). In the present paper, we follow Mei and Me )
hauteand write down Boussinesq-type equations for the bot- ;== phyey, z=—h(x), )

tom potential.
There are two small parameters associated wittwheree and u are the measures of nonlinearity and fre-
Boussinesg-type equations: the ratio of amplitude to depth guency dispersion defined by
and the ratio of depth to wavelength The classical Bouss-
inesq equations include terms of ord®(s), O(x?) and e=aglhy, wm=hollg. (6)
assume thaD(g) =0(u?). We work in the next order using
the same assumption, so our equations inckides u?, and  We expand the potentiap(x,z,t) in powers of a vertical
w* terms. coordinate
We consider a regular periodic wave motion over an even
slopesx excluding the deep-water region where the shallow-
water restrictions are violated and the neighborhood of e(x,2,)= 2 [2+h()]"Fr(x,t) )
shoreline where singularity is possible. The potential at the m=0
bottom is expanded in Fourier ser@ﬁlzlsm(x)sin(mwt) up
to orders €2, eu?, u?) where functionsS™(x) are homog-
enous polynomials of Bessel functior&(2w+/x/s) and
Z,(2w\/x/s) whose coefficients are Loran polynomials of h(x)=sx )
JX. (The first term of this expansiodiy(2w \/x/s)sin(wt) is

used, for exarr.\ple! in the vv_ork of MB6]). Expansion for the [Owing to (8), the linear part of Eq(15) is of Bessel typd.
surface elevation is also given. Substituting(7) and (8) into (2) and equating to zero co-

We conjecture that Boussinesg-type equations can bgficients of each power a+h(x), we have
written and solutions of the specified form can be calculated

for an arbitrary set of orders of kept terms.

0

and assume that the function defining the bottam
—h(x) is of linear form

2 23(m+ 1)Fm+1,x+ Fm,xx

Fmi2=—n : 9
Il. BASIC EQUATIONS m (m+2)(m+1)(1+s2u?)
Nondimensional coordinates are used as follows: The boundary condition at the bottod) gives
’ ’ 1/24,1 112 ’
X z g“h
X=|—/, Z:F' t= I'O t', 7]:77_,, = 2_2SFox (10)
0 0 0 2N 1= M 2 2
1+s
h; h’ W g
o= +2,1/2<p’, h=—, Denotingf(x,t)=Fy(x,t), and expanding all expressions
aglog™ Ny ho in powers ofu, we obtain the first terms ap
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=f+u?(z+h)f(—s+s2u?—su)+ u?(z+h)f 1 1
()D lu’ ( ) X( lu’ /'l’ ) /'L ( ) XX 77+ ft+ _Szfot_ _SzxzfXXt ,LL2+ —f)z( s
13 5 s 2 2
X _§+25M_§S/*L +ILL(Z+ ) XXX 122 5 1222
+|— S fy—syfy— SX Ty fyxt 55X o SXnfyyt
15 o e (L5
X|=s— =s°u’| +u*(z+h) S
2 3 24 12 5 o 5 4 3 4o
- ES XF o F x| €=+ S Fy+ ES XF xt
1
+M6(Z+h)5fxxxx>( - ﬂs +/L6(Z+ h)ﬁfxxxxxx 1
1 + ES ngxxxt+ 24 fxxxxt} /~L4:O- (13)
X ——). (12) . .
720 To express the surface elevatigiix,t) in terms off and

) L L its derivatives, we expand it in powers qi: =g
E)_(pressmn(él) sa_tlsfleerZ) and (5_). Substitution of Eq.f + 7u 2+ au+O(u®). (Expansion ofy, in powers ofe is
(11) into (3) and(4) gives the Boussinesg-type equations O hot important for this purposeAfter substitution of this ex-

potential at bottonf(x,t) and surface elevatiop(x,t): pansion in(13), the following formulas are derived:
3
Nt Sht sxht | —s3f— 383 f, — §s3x2fxxx 70=—f1— %fie,
1 <2 2
68 X oo 2| Tt | =82, 28" 72=5Xfyy+ %SZXZfXXﬁ- %Szf)z(—Sftht'FSZXfxfxx
- % 2fXXX:|Iu’2 e+ it _352fxx_ 332Xfxxx _ %Szxzfix_SXftfxxt+ %Szxzfxfxxx g,

1
—Eszxzfxxxx},uz ne + | S5+ 58X iy + 5S°X3H .y 3 .,, 1, 1
na=—S"XF— ES X F ot ES X Fyuxt— ﬂs X fxxxxt-

(14

5 5 1
+ §SSX3fxxxx+ ﬂs X4fxxxxx+ ﬁ)ssxsfxxxxxx} M4: 0,
Substituting(14) in (12), we have the single equation for

(12 the functionf:

3 1

1
—ft st sxfyt| — 3, + 2xf— 33y, + Eszxzfxxtt— §s3x2fxxx— 553X3fxxxx Wi+ — o fi—2f,f e

3 1 5 1
5 4 5 4,2 5,2 4.,3 53 4.,4
+|s7f — "X fy 1+ 58X Fyy — ES XF oyttt DX yyx— ES X fxxxn+§s X F s —243 X yyxxtt

- Sfttfxt+ 3Szftfxt_ Sfthtt+ 3Szftfxx+ 4SZXfXXfX1_ SXfttfxxt-I— 3SZXfoxxt

+ ﬂssx4fxxxxx+ ﬁ)SSXSfxxxxxx M4+

3
epl+ fzfxx e?=0. (15

1 1
22 2 22 22 22
- ES X o ot ™ SX FiF sttt 387X f st SX T it f st SX T o st ES X s t

. PERIODIC PROBLEM [Forms of coefficients near simit) are determined by re-
current calculations when solving5)].

We suppose that the solution is periodic in time and can Denote byZ=Z(x) a solution to the equation

be expanded in a Fourier series in an area excluding the
deep-water region and the neighborhood of shoreline

F(x,£) =[ Spo(X) + Sxo(¥) 8+ Spa ¥) s+ Spa(X¥) p*]siN( wt)
+[Si(X) e+ Sy(X) e u2]sin2wt)

w?Z+SZ+5XZ=0 (17

5 and byZ’ its derivative.Z(x) andZ’(x) can be expressed in
+ S x)8? sin(3wt). (16)  terms of Bessel functions in the following way:



6002
X X
Z(X)IaJO(Zw\[g +,8Yo<2w\[§), Z'(x)
X X
=ws Y212 —aJl( 2w \ﬁ) —,8Y1< 2w \/:”
s s
(18
The major finding of this paper is the following expressions
for S,z:
Sto=2, (19
4 2 2
1__ @Y 3 @, @ 213
=——78-—7%72'——77'2— —7'%,
>20 8s°x 8s°x 8s? 8s
(20
L 250X 7szx+ Sw?x? 2 o1
SOZ_ 9 9 9 ’ ( )
L[ 4TFPe’x  295w'x® sw®%®
47\ 1350 225 162
47%%  1365°wx* 75?03 -
1350 675 450 (22
2 w ’
Sio=— 5522, (23
<. 40 Tw x 5 7w3XZZ’
T
2swx  Tw3x? 12 o4
~—9 18 : (29)
o* w? 3w? 1
=7 7?7+ — 77"+ - 7'°.
S20 8s°x 8s°x 8s? 24s
(29)

Substituting these expressions(itd), we obtain the fol-
lowing expressions for(x,t):

7(x,1)=CIy(x) & + CIy(x) £ w2+ [ Cl(X) + Cly(x) &2
+ Ch(X) w2+ Cl(x) u*]cog wt) + (C2¢(x) &
+C2,(x)e u?)cog 2wt ) + C34(x)e? cog 3wt),
(26)
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where
1
0__ "2
Clo=— 72" (27)
co @ e, O, TS0, 28
A T] % £ @
Céoz_(l)z, (29)
5 3 3
1 _ w 3_ w 21 o 12 13
20 853xZ 852xZ +(852 4 X) TSt
(30
- 5sw3x 552wX  Sw3x2 S a1
02 18 18 9 N
L [28F 0 4370 se’x
047172700 1800 162
28%%wx  10FB%w3x?  SPw°x® 2 (3
2700 1350 25 . (39
2 La 33
107 225 (33
5 230 Twx|_, 49%°x
7|~ - - zz’
12 9s 18
4lswx  To™?\_
% "9 27 (34)
3w° o 9w
3 _ 3 21 = 12_ — " =13
Co 853xZ i 852xZ £ 2sx 832) gs”
(39

IV. CONCLUSIONS

A solution with the precision of 2, eu?, u*) to Egs.
(2)—(5) is presented. The intermediate equations are given
for illustrating the method of derivation but the expressions
(19—(33) can be checked by substitution into the system
(2)—(5) [using expressiolill) for the potential.

We conjecture that these expressions are only the first
terms of some expanded exact solution to syst2m(5).
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